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ABBREVIATIONS 
APP – asset purchase programme 
ATSM – affine term structure of interest rates model 
bps – basis points 
CBPP – covered bond purchase programme 
DSGE – dynamic stochastic general equilibrium (model) 
ECB – European Central Bank 
LB – lower bound on nominal interest rate 
NRI – natural rate of interest 
OIS – overnight indexed swap 
REER – real effective exchange rate 
TIPS – Treasury inflation protected securities 
US – United States of America 
ZLB – zero lower bound   
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ABSTRACT 

The study proposes an estimation method of the natural rate of interest based on the 
shadow rate term structure of interest rates model and using information from nominal 
yields data. For the purpose of comparison and robustness check, different samples 
for the estimation of the natural rate of interest – three for the euro area and two for 
the US – are considered. The estimates based on all considered samples show a 
downturn trend in the estimated natural rates of interest for the euro area. However, 
since the beginning of 2013, this downward trend has levelled off. Compared to the 
results obtained by affine models, the shadow rate model produces lower estimates of 
natural rates of interest. From the beginning of 2013, the dynamics of estimated series 
of the US natural rate of interest closely follows the series produced by Laubach–
Williams. However, before that the series are more divergent. In order to demonstrate 
the use of the natural rate of interest, we employ the estimated series of the natural 
rate of interest in the balance-approach version of the Taylor rule. The results imply 
that, at the end of the sample in July 2017, Taylor rule-suggested policy rates were in 
line with the actual ECB policy rates. 

Keywords: natural rate of interest, term structure of interest rates, lower bound, non-
linear Kalman filter 

JEL codes: C24, C32, E43, E58, G12 
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1. INTRODUCTION 

In the aftermath of the crisis, the nominal interest rates in the euro area and many other 
advanced economies have stayed at the levels well-below historical averages. Some 
economists (Summers (2014), Williams (2016)) explain this phenomenon by a decline 
in the level of the natural (or, in other words, neutral or equilibrium) real rate of 
interest (NRI). Among factors that may have caused this decline are productivity 
decline, population aging, rising inequality, and the level of indebtedness. Williams 
(2015) defines the NRI as "the real federal funds rate consistent with the economy 
operating at its full potential once transitory shocks to aggregate supply or demand 
have abated". The NRI could be informative for policy makers as a: 1) reference point 
for interest rates set by central banks; 2) basis for long-term fiscal sustainability 
calculations; 3) benchmark for growth estimates; 4) measure for projecting long-term 
rates in financial markets. 

The NRI, like potential output or equilibrium exchange rate, is unobservable; 
therefore, to estimate it we should rely on some econometric techniques. Four 
approaches are commonly used to estimate the NRI. One approach is to extract the 
natural rate as the long-run trend of a real rate time series (Hamilton et al. (2015)). 
Another approach is to use a small scale semi-structural model of the economy and 
with the help of the Kalman filter jointly extract both short-term shocks and long-term 
trends (Laubach and Williams (2003; 2016)). This approach allows for obtaining 
potential output, natural rate of unemployment, trend inflation and natural interest 
rate. The third approach uses a medium-scale DSGE model where the natural rate is 
the rate that would prevail if prices and wages were flexible (Barsky et al. (2014), Del 
Negro et al. (2017), Cúrdia et al. (2015)). The fourth approach is to use information 
from financial markets (from the yield curve) to estimate the level of the natural rate 
of interest. 

The most popular and widely-used is the Laubach–Williams approach. However, it 
has some shortcomings. First of all, it uses only backward-looking macro-data. As a 
result, time series models estimated with historical data largely reflect the downward 
trend in the data. Another shortcoming is that the model is linear. Therefore, it ignores 
nonlinearities caused by the zero lower bound (ZLB). This drawback grows in 
importance as the period of central bank interest rates remaining close to zero becomes 
longer. In addition, macro-based estimates are distorted by revisions in output and 
inflation data that are not available in real time, i.e. when the estimate of the NRI is 
most needed. In addition, the review by Comunale and Striaukas (2017) presents a 
detailed list of drawbacks in the Laubach–Williams approach, and among those not 
mentioned are ignoring the REER, the role of risk, global factors, etc. 

To avoid the problem of backward-looking data, Christensen and Rudebusch (2017) 
apply the fourth approach mentioned above, developing an Affine Term Structure of 
Interest Rates Model (ATSM). They use the TIPS data to utilise forward-looking 
information for the estimation of the NRI. Indeed, yield curve data are forward-
looking as they contain the expected path of short-term interest rate (and the term 
premium as well). Christensen and Rudebusch (2017) assume that the longer-term 
expectations of the short-term real interest rate embedded in TIPS prices reflect 
financial market participants' views about the steady state of the real interest rate, i.e. 
the NRI. Another advantage of this measure of the NRI is that it can be obtained in 
real time at the same frequency as the underlying bond price data. However, this 
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approach is difficult to apply to the euro market of inflation-linked financial 
instruments as this market is much less liquid and more fragmented than that of the 
US. 

Brzoza-Brzezina and Kotłowski (2014) generalise the concept of the NRI by defining 
the natural yield curve. They use the dynamic Nelson–Siegel model and nominal yield 
curve data to estimate unobservable factors of the model; then, with the obtained 
factors in hand and adding macro-data, they estimate the factors of the natural yield 
curve. 

This study also relates to the literature where very persistent factors are used in the 
term structure of interest rate model framework for a better explanation of the yield 
curve dynamics. Christensen et al. (2009) impose a near-unit-root restriction for the 
factor process in an ATSM framework to avoid small-sample estimation bias of less 
persistence in interest rate dynamics. Cieslak and Povala (2010) describe the 
dynamics of the yield curve in terms of two cycles with low and high frequencies. 
This allows them to explain the role of macroeconomic variables in bond risk 
premium. Dewachter and Lyrio (2006) propose a macro-finance model of the term 
structure of interest rates, assuming that long-run inflation and the real interest rate 
are latent martingale-difference processes. This allows interpreting these factors as 
long-run expectations of observable macroeconomic factors. Spencer (2008) develops 
a macro-finance model using a latent variable that follows the unit root process with 
stochastic volatility. Bauer and Rudebusch (2017) propose an approach that may refer 
to reverse-engineering. They take the existing estimates of NRI from macroeconomic 
literature and use them as an observable factor in the ATSM. They find that the 
proposed approach substantially increases the accuracy of long-range interest rate 
forecasts and improves the estimates of the term premium in long-term interest rates. 

The present study uses the term structure of interest rates model to estimate the NRI. 
In contrast to Bauer and Rudebusch (2017), we construct the term structure of interest 
rates using the equilibrium nominal interest rate in a consistent way, i.e. obtained from 
the model. The contribution of this study is as follows. First, we develop and estimate 
a term structure of interest rates model with a persistent factor. The shadow rate is 
supposed to be equal to the sum of two unobservable factors. The first factor is 
transitional and disappears over time. The second factor is persistent and is assumed 
to be equal to the long-run short-term interest rate. We use the second order 
approximation (Ajevskis (2016)) and the extended Kalman filter to estimate model's 
coefficients and unobservable factors. The NRI is obtained by subtracting the 
expected inflation extracted from 5y5y inflation swap data from the average model 
nominal short rate over five-year period starting five years ahead. 

Second, in contrast to Christensen and Rudebusch (2017) and Brzoza-Brzezina and 
Kotłowski (2014), the proposed model takes into account the nonlinearity caused by 
the lower bound (LB) of the nominal short interest rate, which is an important feature 
of the data in recent years. We also find that the estimates of the NRI are robust to the 
choice of samples of May 2008–July 2017 and July 2009–July 2017. The shadow rate 
model provides lower NRI estimates than the affine one. In order to demonstrate the 
use of natural rate of interest, we employ the estimated series NRI in the balance-
approach version of Taylor rule. The results imply that, at the end of the sample in 
July 2017, Taylor rule-suggested policy rates were in line with the actual ECB policy 
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rates. The minimum of the interest rate prescribed by the Taylor rule is –5% in January 
2015, i.e. the time when the ECB announced its expanded APP. 

2. MODEL 

Laubach and Williams (2003) introduce several unit root processes into a semi-
structural macro model, and with the help of the Kalman filter jointly extract both 
short-term shocks and long-term trends. One of the trends is treated as the NRI. The 
current study also exploits the idea that a persistent component relates to the 
equilibrium short-term interest rate but uses this feature in the framework of the term 
structure of interest rate model. 

To construct the term structure of interest rates model for the estimation of the NRI, 
we choose a model specification with two unobservable factors rather than more 
conventional three factors. The reason is that two-factor specifications are more robust 
than three-factor ones, as is claimed by Krippner (2015a). Specifically, Krippner 
(2015a) illustrates the sensitivity of shadow rate for three-factor model with respect 
to the choice of LB parameter and different sample periods for estimation. Namely, 
he finds that using slightly different LB parameters and/or estimating with different 
samples of yield curve data produces shadow rate estimates with very different 
profiles and dynamics. Whereas the shadow estimates are relatively robust. Ichiue and 
Ueno (2013) also suggest to use two-factor models, arguing that "when interest rates 
are stuck at the ZLB and do not move much, a large part of the information required 
to identify the factors is missing, and thus the number of factors may have to be 
smaller than that when interest rates are far from zero." From this follows that three-
factor models possibly overfit data and produce unrealistic estimates. In addition, 
Krippner (2015b; 2015c) shows that the two-factor affine Nelson–Siegel model 
provides the most parsimonious approximation to a generic affine term structure 
model with an arbitrary number of factors. 

Hence, we assume that yields are driven by the vector = ( , ) of two 
unobservable factors that follow a first-order vector autoregressive process under real 
measure:  = (1 − Φℙ) ℙ + Φℙ + Σ , ~ (0, ) (1) 

where Σ is a triangular matrix. The matrix of market price of risk Λ  is given as an 
affine function of the factors  Λ = +  (2). 

The dynamics of the factors under the risk-neutral measure is  = (1 − Φℚ) ℚ + Φℚ + Σ , ~ (0, ) (3) 

where ℚ and Φℚ satisfy  ℚ = ℙ − Σ  (4), Φℚ = Φℙ − Σ  (5). 

A shadow rate  is defined as  = +  (6), 
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and the observed short-term interest rate is the censored shadow rate  = max( , ) (7) 

where , = 1,2, … ,  are LBs, and  is the number of lower bounds. Hence, our 
model framework allows for time-varying LBs of interest rates similar to Kortela 
(2016) and Lemke and Vladu (2016). 

The bond price formula has the following form:  = ℚexp ∑ max( , )  (8), 

which does not allow for affine representation of yields. 

Observable yields are represented by  = , , = − ln ℚexp ∑ max( , ) +  (9) 

where  is the vector of measurement errors and  is the vector of parameters. 

Following Christeansen and Rudebusch (2015), we assume that Φℚ =  1 0 0 ,   

where 0 < , < 1. Therefore,  is the persistent factor, and it follows from 
equation (7) that over some sufficiently long time the main contribution in  will be 
from the factor . We define the long-term nominal equilibrium rate of interest as  lim → = = ,∗ . 
Then, the long-term real rate of interest can be obtained from the Fischer equation: 

,∗ = ,∗ − lim → . 
The term lim →  may be treated as a value of the long-term inflation. We can 
assign this value, for example, to the central bank inflation target, which is 2% in the 
case of the euro area. We define the NRI following Christensen and Rudebusch (2017) 
as the average real short-term rate over a five-year period starting five years ahead:  ∗ = ∑ = (∑ − ∑ ). 
As a measure of the second term in the last formula we will use inflation-swap data. 

3. DATA 

For the euro area, the interest rate data are the end-of-themonth yields on the OIS for 
maturities of 3 and 6 months and 1, 2, 3, 4, 5, 7, 10 and 30 years from Bloomberg. We 
will consider three samples: one starting from July 2005, the second from May 2008, 
and the third from July 2009, all ending July 2017. The reason for the choice of the 
first sample is that the data for 7- and 10-year yields are available only from July 2005 
(30-year yields are not available on this date, though). Bloomberg OIS rate of 30-year 
time to maturity data for the euro first became available from May 2008. The reason 
for including 30-year yields is that it makes the estimate of the natural nominal rate 
of interest smoother (less volatile). Other approaches mentioned above, for example, 
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DSGE modelling, provide the estimation of the NRI that varies a lot over time, which 
is not acceptable if we consider the NRI as a long-run concept. Krippner (2015c) 
observes a similar phenomenon for shadow rate estimates; namely, he finds that 
within the shadow rate models the inclusion of 30-year yields in the sample lowers 
the volatility of estimates for shadow rate. 

Regarding the third sample, in July 2009, the first ECB AIP was launched (the covered 
bond purchase programme; CBPP). This event can be treated as a structural break in 
the central bank policy. The choice of two last sample periods, which are relatively 
short, has an advantage of being less vulnerable to the Lucas critique. Indeed, when 
the short-term interest rate is stuck at a lower bound (the situation can be treated as a 
structural change in the economy), the use of an affine type model may be incorrect 
as shown in Krippner (2015c), and Christensen and Rudebusch (2015). For instance, 
let us consider a construction of the term structure of interest rates in a DSGE 
framework (see, e.g. Hördahl et al. (2006), and Rudebusch and Wu (2008)). In this 
case, the loadings for yields would be functions of deep parameters and the Taylor 
rule coefficients. When the short-term interest rate reaches the ZLB, the Taylor rule 
switches off, and thus its coefficients disappear in the yield loadings. Because of this, 
the loadings for yields must be different in the normal times and times when interest 
rates are constrained by the ZLB. 

Overall, the two samples of May 2008–July 2017 and July 2009–July 2017 are 
relatively short, with 109 and 95 time observations respectively, thus they do not 
include a full business cycle. Nevertheless, this shortcoming is compensated by the 
forward-looking nature of the data and the absence of structural breaks during the time 
spans under consideration. 

For the US, we use time series of yields of maturities of 1, 2, 3, 4, 5, 7, 10 and 30 
years from Gürkaynak et al. (2007) for the two periods – one from January 2006 to 
May 2017, and the other from September 2008 to May 2017. The rate of 30-year time 
to maturity in Gürkaynak et al. (2007) data first became available from January 2006. 
The second sample starts with the onset of the crisis, i.e. September 2008. As a 
measure of inflation expectations, we use the end-of-the-month Bloomberg data on 
the euro area and US inflation swap for five-year period starting five years ahead 
(5y5y). 

4. ESTIMATION 

To guarantee the identification of parameters, we impose the following normalising 
restrictions: 1) = 0; 2) Φ  is a diagonal matrix; 3) Σ is lower triangular and  
4) = 0. In the shadow rate model, the effective LBs are assumed to equal the 
deposit facility rate set by the ECB when they are negative and zero otherwise in the 
case of the euro. In the case of the US, we assume that the effective LBs equal zero 
throughout the time span. 

Overall, the model consists of 10 parameters, i.e. the vector ( , , , , , , , , , , , , , , ). The state space model representation includes the 
transition dynamics given by equation (1) and the measurement system (9). As the 
measurement system is nonlinear, we apply the extended Kalman filter to estimate the 
model under the assumption that yields of all maturities are observed with 
measurement errors all having the same standard deviation . We use the Taylor 



T H E  N A T U R A L  R A T E  O F  I N T E R E S T :  I N F O R M A T I O N  D E R I V E D  F R O M  A  S H A D O W  R A T E  M O D E L  
 

 

9 

series expansion of order two to approximate the bond prices (Ajevskis (2016)) for 
estimating both model's coefficients and unobservable factors. Linear models are 
estimated by the standard linear Kalman filter. 

5. RESULTS 

The estimated parameters of the model for the two samples are reported in Table. The 
estimates are robust to the samples except for few parameters. The measurement error 
for both samples has an estimated standard error of 2 bps, which indicates a good fit 
of the model. 

Table. Kalman filter estimates for two periods of May 2008–July 2017 and July 2009–
July 2017 (asymptotic standard errors are given in parenthesis) 

 
Chart 1 shows the estimated NRIs for the three samples that we denote NRI 2005, 
NRI 2008 and NRI 2009. All the NRIs follow a slight downturn trend over the 
samples. However, this trend seems to have disappeared since the beginning of 2012. 
The NRI 2008 and NRI 2009 estimates are very close to each other starting from June 
2010. Before this date, the NRI 2008 estimate is closer to the NRI 2005 than to the 
NRI 2009. The NRI 2005 is noticeably higher than NRI 2008 and NRI 2009 over 
almost the whole sample, and it is also much more volatile. This may be explained by 
a possible bias in the estimate due to structural changes in the monetary policy, i.e. 
APP, forward guidance and the negative ECB deposit rate. The NRI estimates are 
more robust over shorter sample periods. For this reason, further on we use two shorter 
samples from May 2008 to July 2017 and from July 2009 to July 2017. However, all 
three NRIs are very close to each other starting with the second half of 2014. At the 
end of the sample, i.e. July 2017, all three NRIs are negative and range from –0.35% 
to –0.50%. 

Coefficients 2008 2009 ,   0.9462 0.9457 
 (0.1633) (0.1633) Σ   −6 ⋅ 10  −6 ⋅ 10  
 (1 ⋅ 10 ) (1 ⋅ 10 ) Σ   −1 ⋅ 10  −0.5 ⋅ 10  
 (3 ⋅ 10 ) (2 ⋅ 10 ) Σ   2 ⋅ 10  1 ⋅ 10  
 (3 ⋅ 10 ) (2 ⋅ 10 ) ,   −0.239 0.559 
 (0.070) (0.001) ,   327.0 −11.9 
 (0.06) (2.06) ,   −2.93 −0.294 
 (0.07) (0.05) ,   −243 −327 
 (3.8) (56.4) ,   287 465 
 (0.59) (0.80) 

  2 ⋅ 10  2 ⋅ 10  
 (5 ⋅ 10 ) (2 ⋅ 10 ) 
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Chart 1 
Euro area NRI for three samples  

 

Next, we explore the effect of effective LB on the estimate of the NRI. We compare 
the NRI estimated by the affine and shadow rate models. The affine model has the 
same structure as the shadow rate model except for the constraint (equation (7)) and 
the fact that the short-term rate is defined by equation (6). Chart 2 shows the NRI 
estimated using the affine and shadow rate models for the samples starting from May 
2008 and July 2009. The NRI estimated by the affine model exceeds that obtained by 
the shadow rate model over the whole sample period. It is not surprising, since in the 
case of affine model, the sum of factors is the short-term interest rate that is bounded 
by the LB, whereas for the shadow rate model, the sum of the factors is the shadow 
rate that can also be negative, i.e. lower than the short-term interest rate. When the 
shadow rate becomes negative, both factors decrease. Again, we see that at the end of 
the sample, the difference between natural rates of interest of different samples and 
different models is very small. Also, in the case of affine model, we see that the 
estimate of the factor  is quite robust to the sample chosen. 

Chart 2 
Euro area NRI for shadow rate and affine models 

 

Chart 3 shows the estimate of the NRI based on the US data. For comparison purposes, 
we also add the Laubach–Williams one-side and two-side filtered estimates of the NRI 
(LW1side and LW2side) in Chart 31. As the Laubach–Williams estimation is based 
on quarterly data, we convert the estimates from a monthly to quarterly frequency, 

                                                                 
1 The Laubach–Williams estimates are taken from the web-site http://www.frbsf.org/economic-
research/economists/LWreplication.zip.  
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choosing the last observation for each quarter. All estimates are characterised by a 
downturn trend. However, similar to the euro area, this trend seems to have 
disappeared since the end of 2012. At the beginning of both samples, the 
corresponding NRI estimates of the shadow rate model differ from those of the 
Laubach–Williams model. In the first quarter of 2006, the differences between 
NRI 2006 and LW1side and LW2side were 1.6% and 0.8% respectively. In the third 
quarter of 2008, the differences between NRI 2008 and LW1side and LW2side were 
0.5% and 1.1% respectively. After the second quarter of 2013, however, differences 
between the Laubach–Williams estimates and that of the shadow rate are minor. For 
example, at the end of the sample in the second quarter of 2017, the values of NRI for 
LW1side, LW2side, NRI 2006 and NRI 2008 are 0.22%, 0.22%, 0.14% and 0.34% 
respectively. 

Chart 3 
US NRI for shadow rate and Laubach–Williams models 

  

6. POLICY RATE IMPLIED BY TAYLOR RULE 

From the monetary policy perspective, the NRI serves as a reference point for 
operationalising the nominal policy short-term rate via the Taylor rule  = ∗ + ∗ + 0.5( − ∗) + 0.5( − ∗) (10) 

where  represents the value of the policy rate prescribed by the rule, ∗ is the NRI, 
 is price inflation, ∗ = 2 is the inflation rate at its 2 percent longer-run objective, 
 is output, and ∗ is potential output. In his pioneering work, Taylor (1993) assumes 

that ∗ is constant and equal to 2%, i.e. the average real trend GDP growth between 
1984 and 1992. Yellen (2015), instead, allows for the time-varying natural real rate 
based on econometric estimates, claiming that it is a more realistic assumption in the 
current low nominal interest rate environment. Numerous estimates by various authors 
have confirmed the last point in recent years. Nonetheless, Taylor and Wieland (2016) 
challenge the approach based on the estimate of the NRI, arguing that it is not accurate 
and is biased due to the omitted variable and equation problem. 
However, we evaluate the policy short-term rate using a type of the Taylor–Yellen 
rule, called the balance-approach rule (BGFRS (2017)), where the output gap is 
approximated by the unemployment gap using the Okun's law:  = ∗ + + 0.5( − ∗) + 2( ∗ − ) (11) 

where  is the unemployment rate, ∗ is the rate of unemployment in the longer run. 
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Chart 4 illustrates the short-term policy rate prescribed by the balance-approach rule 
with the rate ∗ substituted by the NRI 2008.2 Chart 4 shows that since the beginning 
2012, the nominal short-term interest rate prescribed by the rule had become negative. 
In January 2015, the policy rate reached its minimum of less than –5%. It is hardly 
possible for a central bank to keep such a negative policy rate. Probably, this was the 
reason why the ECB announced its expanded APP at exactly that time, i.e. when the 
monetary accommodation was needed most for the euro area economy. From the 
middle of 2016, the rate is gradually trending upwards, with the last estimate in July 
2017 at 0.15% and 0.22% for NRI 2008 and NRI 2009 respectively. This rate is very 
close to the current ECB's policy rate (fixed rate) of 0%. 

Chart 4 
Policy nominal interest rates prescribed by the balance-approach rule 

 

7. CONCLUSIONS 

This study estimates the equilibrium nominal interest rate, using the shadow rate term 
structure of interest rate model and nominal yield data for the euro area and the US. 
Using the Fisher equation and inflation swap data, we then estimate the real NRI. In 
the case of the euro area, three alternative sample periods of estimation, starting from 
July 2005, May 2008 and July 2009, are considered. For all samples, a slight downturn 
trend in natural rates of interest can be observed. This trend dissipates in 2013, though. 
The NRI estimates of the shadow rate model are lower than those of the affine model. 
However, the difference between the estimates is minor at the end of the sample. 
Approximately from the third quarter of 2013, the estimates based on the US data are 
close to the estimates obtained by the Laubach–Williams (2003) method. 

Knowing the estimate of the NRI could give central banks additional information that 
helps them make decisions on policy rates. We estimate the short-term nominal 
interest rate suggested by a version of the Taylor rule, called the balance-approach 
rule. While the interest rate prescribed by the Taylor rule achieved its minimum in 
January 2015, i.e. at the time when the ECB announced its expanded APP, the 
estimates for the last period of the sample, i.e. July 2017, are 15 bps and 22 bps, i.e. 
close to the ECB's policy rate. 
  
                                                                 
2 The difference between short-term policy rates based on the estimates of the NRI 2008 and 
NRI 2009 is almost negligible.  
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